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1 The rate equation formulation

Let M be the number of spin-split orbitals in the molecule. The number of possible electronic configurations
is equal to n =2M (i.e., each orbital can be empty or occupied). Each configuration can be described by a
set of occupation numbers co(t), with a=1,...,n and i=1,..., M, where

ca(i)=0o0rl, (1)
depending on whether the i-th orbital is occupied or not. Call P, the probability of the « configuration,
with P, >0 and " _ P, =1.

Under certain approximations, which neglect memory effects and discard correlations between the elec-
trodes and the molecule, the rate equation governing the change in the configuration probabilities over time
can be expressed as [1,2,3]

=—P.> Tasp+ > TpoaPp, (2)
pto Bt

where I'y_, g is the rate of the o — § transition. Equation (2) is the well-known Pauli master equation
[4]. We note here that there are several ways to derive this equation from fundamental theories, such as
nonequilibrium quantum statistical mechanics [5,6,7], as well as from a semiclassical Boltzmann kinetic
equation [1]. Here, rather than repeating those standard derivations, we focus on the use of the rate equation
to compute transport proeperties in the context of the experiments reported in the main text. The main
goal is to obtain expressions for the charge current across the molecule in different asymptotic regimes.

We can express Eq. (2) in matrix form,

= g Ao Pg, (3)
B
where

Aup= _E#fxro‘%”ifa:ﬁ, (4)
I‘B—)Oxulfa#ﬁ

Notice that, consistent with the normalization condition, we have

Zdia = _Z Pozz Pa—)B+Z ZF,@_WP/; (5)
a=1

a=1 B#a a= 1,8#01
= —Z Z Fa—>6+z P,BZ FB—)oz (6)
a=1 B#a B=1 a3 (7)
= 0,

implying that
Z = (8)

as it can be easily verified. On the other hand,

Z Aaﬁ = Fa%’y"'z Fﬁ%a (9)
B=1

v#a #a
B#a
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Thus, if I'3_,o =1'q— g for all transitions, then the r.h.s. of this equation is equal to zero. This means that
a trivial stationary solution exits where P, =1/n for all « =1, ..., n. However, when I'g_,o # I'a—, 3, other
nontrivial stationary solution exist as well.

2 Stationary solutions

In order to obtain a stationary solution to the rate equations set

dP,
W_O (11)
for all a=1,...,n. This implies
> AagPs=0. (12)

B

Thus, to find the set of stationary probabilities { P, }, one needs to find the right eigenvector corresponding
to the zero eigenvalue of the matrix A.

3 Transition rates

Let E,, be the total energy of the molecule and N, be the total number of electrons in the o configuration.
When an electron hops from one of the leads and into the molecule, energy conservation requires

e+ Eq=Ep, (13)

where a(f) is the molecule’s configuration before(after) the hopping and e is the energy of the electronic

state in the lead. For this transition to take place, the state with energy ¢ in the lead must have a finite
Ek;;l ) >0, where ; is the lead’s chemical potential ({= R, L) and T is the
temperature. Here, f(z) denotes the Fermi-Dirac distribution,

flz)= : (14)

occupation number, namely f (

In the opposite case, when an electron hops from the molecule and into the lead, we have

Now, the occupation number of the state with energy € must be such that f ( Ek;;l ) <1.

Call g and vy, the level widths due to the coupling to the right and left leads, respectively. We can split
the transition rate into two contributions,

Faﬁﬂzrga,@'i'rg—n@a (16)
where [1,2,3]

(vi/h) f(W),ifNﬁzNﬁ1anddH(cﬁ,ca):1

l == - - J—
Pacs =9 (/m)[1 - f(Z=7 e | if No= N~ land di(e, ca) =1 1 =R (17)

0, otherwise

where dp(cg, cq) is the Hamming distance between the binary sets c¢g and c¢,. Namely, only transitions
where the number of electrons in the molecule changes by one are allowed. Notice that the bias voltage is
equal to V = (ur — pr)/e, where e denotes the electron charge. Equation (17) can be derived in a number
of ways, with the most standard being Fermi’s Golden Rule or time-dependent perturbation theory on the
level widths vr and ~p.
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The rate equation approach is valid when kgT > g 1, (since it assumes a perfectly sharp energy lever in
the molecule), and when the tunneling through the molecule is sequentially incoherent. Below, we discuss
the validity of the rate equation in more detail.

Implicit in Eq. (17) is the assumption that the molecule’s energy levels are sharp, such that g, 77, are
much smaller than other energy scales of the problem, such as kg7, eV, and the separation of energy levels
in the molecule.

4 Current

The current coming from the left lead is equal to

In=—e> ANy pT 4 Pa, (18)

a,B
where ANQ*}L‘} = Ng — Na.

5 Total energy
The total energy in the molecule can be broken down as follows (constant charging energy model):

M
1 .
EQZENQ(Na_l)EC_eV(]Na'i_; Ca(Z)Ei, (19)

where I, is the charging energy, V; is the gate voltage, and {Ei}izl,_.,]\/f are the energies of the orbitals.

6 Single-level case

Let us apply this formulation compute the stationary current of a molecule with a single orbital (spinless
case), in which case M =1 and n = 2. Py corresponds to the probability of the empty(filled) state. The
stationary problem is defined by the matrix

—Too1 Tizo >
A= , 20
( o1 —Tizo (20)

where
Loy =T 1+ 1651 (21)
and
Iio=T{.0+T0, (22)
with
Fi1—Ey—
B
and
FEi1—FEy—
Fl1—>0—(’Yl/h)[1—f<1Tw>}l—LvR- (24)

The eigenvector of the A matrix with zero eigenvalue corresponds to

1—‘140 _ hl—‘lﬁo

Py= =
O Ti0+Tos1 YrR+L

and
Fosa _ hlo—1

P = = .
! Fiso+Tos1 vr+7L
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The current coming from the left lead is equal to

I, = —e(P T —PiTE,) (27)

eh I I

= T oatn (T150T051 —Tos1Ti50) (28)
eh R L R L

= T YRtz (Moo — o I'rso) (29)

_ _ & _TRIL ¢ Ero—pr Ew—pr\ f Ew—pr\|l, ,f Ewo—pr

a fWRJrVL{[l f( kT )P( kT > f< ksT )[1 f< kpT (30)

_ € TRIL Eiww—pr\ . Eio—ur

a ﬁwﬁ%[f( kpT ) f( kpT )] ey

where Fig=F — Ey= —qu+€1.

6.1 Finite level width

When the broadening of the energy level is not negligible, we have to modify the calculations to account for
the uncertainty in €;. Let v be the total level width and D(e) the density of state profile associated to the
single-level configuration; for instance, consider the Lorentzian profile

_1 /2
PO =T PP -

with [ deDy(e) =1. The modified expressions for the transition rates are

FEi{— FEy—
Th1=(w/h) [deDi(e) f| 2==2—H) 1 =L, R, (33)
kT
and
I
Ty o= (n/h) /dle(e){l—f<1Tw)}l=L,R, (34)
where
El—E0:—6V9+E. (35)
Notice that
T+ o= (1a/h) [deDafe) = vn/h (36)
and
L5 +TE 0= (v/h) /daDl(a)va/h. (37)
Therefore,
Fosi1+Tis0=(yr+72) /N (38)
1 El—EO—,Ml>:|
Py = de D1(e 1-— _— 39
! 7R+7L/ 1(); W[ f( k5T (39)
1 € — U
= deeDq(e +eV,)|1— 40
'7R+'7L; %/6 i g){ f( kBT)] (40)
and
1 El—EO—,Ml>
P = de D1 (e _— 41
' ”YR+7L/ il )Zl: 71]0( kT (41)

- VR}F%Z w/dgpl(ﬁevq)f(gk;;l). (42)
l
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Going back to the expression defining the current through the left lead, we find

I, = —e(P T —PiTE,) (43)
€ 1 L L
= —ﬁm(rlaoro—u_FOﬂlFl—)O) (44)
1
= - % YR ¥ L [(F{%%O + F%HO) F(%ﬁl - (Fé%ﬁl + F(l)‘ﬂl) l—‘1L%0] (45)
€ 1 R L R L
= —ﬁm[rl—>0F0—>1—F0—>1F1—>0] (46)
— _ & _JrL ' / B —eVy+e—pr —eVot+e' —pur\
e /dle(a) /ds Di(') {{1 f( - )]f( e
—eVyte—pr _(meVete —pL
p(Fletemem ) (=t (47)
_ € YRIL Ty —eVote'—pr\_ [ —eVote—pr
— h—WR‘f'VL /dle(s) /ds Dl(a){f< T ) f( 5T (48)
€ _YRIL —eVyte—pr —eVyte—pr
= S ORI f4ep —eVote—pr)  yfZcVote—pn 4
hyr+7L /d6 1(6)[f( kT ) f( kT )] 49)
_ _ & _JrRYL ETHLY _ 4 EZHR
- o /dle(s—i—qu)[f( kBT) f( i )] (50)
e YRYL v £—pL £— iR
= = d — . 51
poe | e () () o1

This expression generalizes the previous one, Eq. (31), to include a finite level width ~. It is straightforward
to check that Eq. (51) recoves Eq. (31) when v— 0.
It is natural to assume that the total level width can be broken into three components,

¥=9r+ 7L+ Y0, (52)

where 7y represents the broadening caused by effects other than the leakage of charge through the leads.

6.2 Adding spin

To add spin, we split the configuration where the molecule level is occupied into two (1, ), resulting in a
total of three configurations: i =0, 7, ] (we forbid double occupancy by assuming that the charging energy
E. is a very large energy scale, namely, E.> kgT, eV |e1]). Let us assume that the molecular level is spin
degenerate. Then, the total current through the left lead is given by the expression

I = —e[Po(Cioy+Td)) — PrT 0 — Py T ). (53)
The rate equations are

dPy

5 = PoTosr+Tomy) + Prloo+ PLT S0, (54)

dP.

_dtT = —Prl'too+ Polos, (55)

dP,

— = —P\ ' 0+ Py, (56)
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Solving for the steady state yields

I't=ol') =0
Py= , 57
O T150l 50+ Dot D0+ Loy Dm0 (57)

P To1IT' 50 (58)

1 t= ool o+ Too4 T o+ Doy T’
an

o~y 450
P = . 59
v Fisol o+ Tost Ny mo+Too Trso (59)

Assuming spin degeneracy in the leads, we find

Thovt=Tho= (/M) [deDi(e) f(%) =T}, I=L, R, (60)

and
T o =T 0= (/h) /dle(as)[l - f(%)} =T 0 =L,R. (61)

Therefore,

oo =Tos = [d=Di(e)lvm fale) + 71 fu ()] =Toon (62)

and
Io=T) 0 = / deD1(&) v+ 7 — 11 frle) — 11 f1 ()] (63)
= (va+0)/h- / de Ds()[vr () + 1 fr ())/h (64)
= (yr+72)/h—Tos1=T1-0, (65)

where we introduced
_ o Bi—FEo—
e =g (2o, (66)

Notice that rates and probabilities do not depend on spin. Thus, we can recast the problem in terms of Py
and P, = P;+ P). Then, we find

I'—o
Php=r7""T—— 67
T T 0+2T01 (67)
and
21—‘0%1
P=— 68
! 1—‘1—>0 + 2F0—>1 ( )
Plugging them into the expression for the current, we get
I = —e(2PyT61 — PiT{0) (69)
— 9 T'1i50 1—‘6_)1 —FOH1F1L—>O (70)
l—‘1—>0 + 2F0—>1
= —9%¢ F{%%O F(%ﬁl — F(I)%ﬂlrlfﬁ() (71)
(YR + L) /h+To1
€ YRYL Y €~ ML €~ HUR
Y de - E=am)) |, 72
h(WR'i‘WL)-i-hFO—»l/ (€—€1+€Vg)2+(7/2)2[f< kT ) f( kgT )] (72)

where

tw = fie e () e () (%)
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Notice that because of the term I'g_; in the denominator of the prefactor in Eq. (72), the expression
for the current in the presence of spin is not exactly equal to twice that for the spinless case. However,
if we are only interested in linear response, we can set p;, = urp = p in Eq. (73), in which case we obtain
To1~(yr+ L)/, provided that &1 — eV, < u (namely, when the energy level is brought below the Fermi
energy in the leads). Then, the factor of 2 is approximately cancelled and we recover the expression for the
spinless current. The current for the spinfull case is only exactly equal to twice that for the spinless case
when the charging energy in the molecule is zero (non-interacting limit), in which case conductance through
the molecule is spin degenerate.

7 Exact solution of the single-level case (spinless)

It is possible to solve exactly the fully coherent single-level case by using the Keldysh non-equilibrium
technique [7], or even scattering theory, since no many-body interactions are present [8]. The result is the
following: the probability of the level to be occupied is equal to

ol de ,(e— Y
P = —r | == 74
1 ZWRML/%f( o ) T e ™

where v = v + 71 (absence of any level broadening other than leakage of charge through the leads). The
probability of the empty level configuration is Py=1— P;. The expressions for the probabilities are identical
to those obtained with the rate equations after the broadening of the energy level is incorporated.

The fact that the coherent and incoherent formulations yield the same results for the probabilities is not
surprising. For single channel leads and a single level in the molecule, interference plays no role since there
is only one conduction path. When the molecule has multiple independent paths for electrons to hop in
and out, then the coherent and incoherent predictions depart, since interference between paths can result in
enhancement or depletion of certain configuration occupations.

An expression for the current was derived by Jauho, Wingreen, and Meir [9] using the Keldysh Green’s
function technique. Their result is

i = i [t i () ()] (7)

Contrary to our previous derivation using rate equations, this expression fully takes into account coherence.
Yet, Eq. (75) and Eq. (51) are identical, provided that we set v =~ygr+ 71, (namely, no level broadening other
than that due leakage through the leads). To some extend this should come as a surprise, as the coherent
transport formulation contains incoherent, sequential regime as a limit.

Notice that for the spinfull case, one simply need to insert a factor of 2 on the right-hand-side of Eq. (75).
Asymptotic limits for the current

Notice that

() )
kpT ksT cosh (%)—Fcosh(%),

where eV = pr, — pur and Ep = (ur + ptr)/2. Defining ¢’ =¢ —e1 + eV, we can then rewrite Eq. (75) as

. eVy
[L:_E YRYL / /D(E/) Slnh(szT) -‘ (77)
hyr+7L [cosh (—E +51;§¥9+EF) —|—cosh(;k‘;bT)J
where
D=L 22 (78)

T (/2
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It is easy to show that

/ds'D(s')zl. (79)

Without loss of generality, we can set eVy= Er. Thus, €; becomes the position of the energy level with
respect the Fermi energy in the leads at zero bias. Then,

_ € YRYL . eVs / P 1

I =—— sinh de’ D(e . 80

" hyr+1 <2kBT> ( )cosh(—s,+51>+cosh( eV ) (80)
kT 2kpT

Let us look at some asymptotic limits.

o ~<e|Vy| < kT <|e1|: Weak broadening, finite bias, large temperature.

¢ TRIL eV / ’ ’ 1
I ~ ———— | —— de’ D(e 81
g h”YR+”YL<2/€BT> ( )cosh(ﬂ)—i—l (B
kT
€ 'YR’YL e‘/b 761/k‘BT
N ——-———— | —= e . 82
hyr+7L <kBT> (82)

The current in this case shows an activation behavior, with the activation energy being the offset
between the energy level in the molecule and the Fermi energy in the leads. Linear bias regime. On
resonance, we find

e YrRYL [ €eVp
Ipm————= | — | 83
r h'YR""YL(kBT) (83)
o V<]« kpT<e|Vp|: Weak broadening, intermediate temperature, large bias, nearly on resonance.
e YRYL . eV 1
I, ~ —— smh( )/ds’D Y ——————m——— 84)
hvyr+ L 2kgT ( ) 1+COSh(;}€VbT) (
B
€ TRYL
R 85
hyr+ L (85)

The current is approximatelly temperature and bias independent (non-linear bias regime).

o < kpT < |e1] < e|Vp|: Similar to the previous case, more off-resonance.

e|Vol/2kpT 1

€ TRIYL ¢ ’ ’
I, ~ —= /ds D(e - 86
h")/R‘F"YL 2 ( )COSh(%>+€€|Vb/2kBT/2 ( )
BT
€ TYRTL
N— 87
hiyr+e (87)
The current is again approximatelly temperature and bias independent.
o < kpT <e|Vy|<|er]: Similar to the previous case, but even more off-resonance.
E‘Vb|/2k‘BT
I, ~ — S JROL © / =/ D(e") : 1 (88)
hyr+7L 2 cosh (%)+66|Vb‘/2k}3’f/2
B
~ _Eﬂe(e‘vb|/2_|€l‘)/k3'f' (89)
hvr+ 7L
The current shows activation behavior and is highly non-linear.
o ~v,e|V,|,|e1| < kpT: High-temperature regime.
€ YRYL eV p Al
I ~ ———— de' D(e") = 90
g h7R+7L<2kBT)/ ()3 (90)

€ YRYL eVl
N - . 91
h7R+7L(4kBT) (91)
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The current decreases with the inverse of the temperature (linear bias regime).

e kpT < ~: Low-temperature regime; strong broadening.

—e1t+eVp/2
[, ~ & AR / de’ D(&") (92)
hyrR+70 J—ci—evy)2
- _%M{Maﬁ<w)_mw (—51——6%/2” (93)
h yr+7L v/2 v/2

Notice that Eq. (93) is the starting point of a well-known theoretical description of electronic transport
in “soft” molecular electronics [10,11]. The current is temperature independent and becomes linear
with the bias voltage when e|V}| < v:

2

e 4YRYL
I~ ———2= 1= V. 94
EU Ty () (64)

8 Conclusions

Given that for single-channel, single-level conductance both fully coherent and sequentially incoheren
approaches lead to the same expression for the current, we can conclude that the most general expres-
sion (at low bias) is given by

e YRIL ol €— L €~ R
Ir;=—— d — 95
g h”YR+”YL/ E(5—51+€Vg)2+(7/2)2[f( kT > f( kpT ﬂ’ (%)
where we allow the total level width to include some broadening due to energy relaxation mechanisms other
than leakage through the leads, namely, v =~r + vz + Y0-

9 References

1. D. V. Averin and A. N. Korotkov, Zh. Eksp. Teor. Fiz. 97, 1661 (1990) [Influence of discrete energy
spectrum on correlated electron-electron tunneling via a mezoscopic small metal granule, Sov. Phys.

JETP 70, 937 (1990)].

2. J. H. Davis, S. Hershfield, P. Hyldgaard, and J. W. Wilkins, Current and rate equations for resonant
tunneling, Phys. Rev. B 47, 4603 (1992).

3. S. A. Gurvitz and Ya. S. Prager, Microscopic derivation of rate equations for quantum transport,
Phys. Rev. B 53, 15932 (1996).

4. H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford Press, New York,
2002).

5. L. P. Kadanoff and G. Baym, Quantum Statistical Mechanics (W. A. Benjamin, Reading, MA, 1962).

6. L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47 1515 (1964) [Diagram technique for nonequilibrium processes,
Sov. Phys. JETP 20, 1018 (1965)].

7. H. J. W. Haug and A.-P. Jauho, Quantum Kinetics in Transport and Optics of Semiconductors, 2nd
edition (Springer, 2008).

8. J. Koch, F. von Oppen, and A. V. Andreev, Theory of the Frank-Condon blockade regime, Phys.
Rev. B 74, 205438 (2006).

9. A.-P. Jauho, N. S. Wingreen, and Y. Meir, Time-dependent transport in interacting and noninter-
acting resonant-tunneling systems, Phys. Rev. B 50, 5528 (1994).

10. 1. Baldea and H. Koppel, Sources of negative differential resistance in electrical nanotransport, Phys.
Rev. B 81, 193401 (2010).

11. 1. Baldea, Ambipolar transition voltage spectroscopy: Analytical results and experimental agreement,

Phys. Rev. B 85, 035442 (2012).



